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I. INTRODUCTION 
In this paper we deal with the weighted refinement 
integral 
(1.1) [F, (w^/wgjw^)] J f(x)dg(x) 
of [1] and [2] as well as with an extension 
(1.2) [P, (wj_,w2,w^)]s J f(x)dg(x) 
analogous to the extension of the Stieltjes mean sigma 
integral considered by P. Porcelli [3]. Throughout all 
functions are real-valued functions.on the entire real axis, 
all intervals are finite and non-degenerate, and (w^^,wg_,w^) 
refers to an ordered triple of real numbers such that 
w^ -r Wg 4- wy = 1. 
In Chapter II we define a Lebesgue-Stieltjes integral 
(1.5) (LS) I f(x)dg(x) 
J[a,b] 
in terms of the weighted refinement integral (l.l), where 
g is not even required to be quasi-continuous. This 
definition is consistent with the case where g is of 
2 
bounded variation. We then use a substitution theorem in 
[2] for the weighted refinement integral to establish the 
substitution formula 
(LS)f h(x)f(x)dg(x)= (LS) [ h(x)dr(LS)[ f(u)dg(u)] 
J[a,b] [a,b] ^[3,%] 
+ h(a)f (a) [g(a'^) - g(a )] 
for this Lebesgue-Stieltjes integral. 
In Chapter III we generalize the step function approach 
used by Porcelli [5] to define our extension (1.2) of the 
weighted refinement integral (l.l). Here g is assumed to 
be a function of bounded variation on every closed interval, 
and the function f is bounded on the closed interval 
[a,b]. If g^ is a saltus function and g^ a continuous 
function such that g = + g^, then we show that (1.2) 
exists iff the weighted refinement integral 
(1.4) [F, (w^,wg,w^)] J f(x)dgg(x) 
and the Lebesgue-Stieltjes integral 
(1.5) (LS) J f(x)dg (x) 
5 
exist. Furthermore^ we show that when the extended integral 
(1.2) exists it is the sum of (1.4) and (1.$). A result for 
(1.2) is established which is analogous to the Lebesgue 
Dominated Convergence Theorem for the Lebesgue-Stieltjes 
integral. Then substitution for (1.2) is discussed and 
related to the case where the integrator of (1.2) is the 
product of two functions. 
Next we describe how the work of H. Scharf [4] on 
integration-by-parts for the Lebesgue-Stieltjes integral 
leads rather naturally to a Lebesgue-Stieltjes integral 
(1.5) defined in terms of the extended integral 
[F, (1,-1,1) ]s f g(x)df(x). 
This extension of the usual Lebesgue-Stieltjes integral 
extends the one of Chapter II for the case where f is a 
function of bounded variation on every closed interval, 
g is a function bounded on [a,b], g(a ) and g(b'^) 
exist and are finite, g(x"^) exists for all x in [a,b) 
such that f(x^) ^  f(x), and g(x ) exists for all x in 
(a,b] such that f(x ) ^ f(x). 
Finally, we extend the Gronwall inequality as studied 
by W. Schmaedeke and G. Sell [5]. We correct an error in 
[5] and show that under looser conditions than those of [5] 
4 
if k. is a non-negative function, 6 > 0, and 
..t 
f(t) _< € + [F, (w^,wg,w^)] j f(s)k(s)dg(s) 
for 0 _< t _< T; then there exist constants T' and K, 
depending on g and k but not f, such that 0 < T ' _< T, 
0 < Kj and 
f(t) < K6, 0 < t < T' . 
Also, under appropriate conditions we show that the 
inequality holds for the extended integral. 
For the sake of the reader we conclude this chapter 
with the definition of and five basic theorems on the 
weighted refinement integral. 
Definition 1.1. Let f and g be functions. Let 
P = fa = x^ < X, < <x: = bj 
o 1 n 
be a partition of the interval [a,b]. If the refinement 
limit of the sums 
n 
) Cw^f(x^_^) + + W^f(x^) ][g(x^) - g(Xi_i)]; 
i=l 
..La is rj.r-:Lt:e_, zc is cenctec oy 
V 
e^clstzs: and. ecrtials: 
4^ W'T 'fra:"): w. - s{%jl 
X 
6 
+/" [w,'f(x) + (1 - w,) •f(x~) ][s(x) - s(x~)] 
X e (a,b] ^ 
Theorem 1.2. Let g be a function of bounded 
variation on [a,b]. Let g^ be a saltus function and g^ 
a continuous function such that g(x) = g^(x) + g^(x) for 
all X in [a,b]. Let f be a function bounded on [a,b], 
and let D be the set consisting of all points of [a,b] 
where f is discontinuous. Let g* be the non-decreasing 
function such that 
g*(x) = 0, X = a 
= a < X < b 
= 9*(b), X > b. 
Then, the weighted refinement integral (l.l) exists iff; 
i) if either w^ or w^ is different from 0, f(x') 
exists for all x in [a,b) such that g(x^) ^  g(x); 
ii) if either w^ or w^ is different from 0, f(x ) 
exists for all x in (a,b] such that g(x ) 7^ g(x); 
iii) the outer g*-measure of D is 0. 
' ^c 
Theorem 1.3. Let g be a function of bounded 
variation on every closed interval. Let f be a bounded 
7 
function on the interval [a,b] such that the weighted 
refinement integral 
[F, ] J f(x)dg(x) 
exists. Then, the Lebesgue-Stieltjes integral 
(LS) f f(x)dg(x) 
J[a,b] 
exists, and the weighted refinement integral is. equal to 
(LS) 1 f(x)dg(x) 
+ ((1 - ^ i) ^  - f(x)][g(x:^l - 9(x)] 
X e [a,b) 
- (1 - w^) ^  Cf(x) - f(x )][g(x) - g(x )] 
X e (a,b] 
- f(b) - g(b)] - f(a)[g(a) - g(a )]}' 
The next theorem is in the thesis of J. Baker [2]. 
Theorem 1.4. Let g be a function of bounded 
variation on [a,b], and suppose f and h are functions 
8 
bounded on [a_,b]. Suppose (l.l) exists. If either Wg 
or is different from 0, suppose h(x^) exists for 
all X in [a,b) such that ^ g(x); if either w. 
or Wg is different from 0, suppose h(x ) exists for 
all X in (a,b] such that g(x ) ^ g(x). Let p be 
a function such that 
a < X < b P(x) = [P, ] j f(u)dg(u), 
= 0^ X = a 
Thenj the weighted refinement integral 
[F, ] I h(x)dp(x) 
exists iff the weighted refinement integral 
[F, I h(x)f(x)dg(x) 
exists, and in this case 
^ «b 
[F, ] J h(x)dp(x) = [F, (w^,wg,w^)] J h(x)f (x)dQ(x) 
- W^(l - w^) y - h(x)][f(x*) - f(x)][9(x*) - 9(%) ] 
X e [a,b) 
[h(x) -h(x ) ][f (x) - f (x") ][g(x) - g(x~) ]. 
X e (a,b] 
The last theorem is a variation of Theorem 1.4 and can 
be found in [2]. 
Theorem 1.5. Let f and h be functions of bounded 
variation on [a,b]. Suppose g is bounded on [a,b], 
g(x') exists for all x in [a,b) such that either 
f(x'^) ^  f(x) or h.(x^) ^  h(x), and g(x~) exists for all 
X in (a,b] such that f(x ) f(x) or h(x ) h(x). 
Let p be defined as in Theorem 1.4. Finally, suppose (l.l) 
exists. Then, the weighted refinement integral 
b 
exists iff the weighted refinement integral 
[F, (W^/Wg/W^)] h(x)f(x)dg(x) 
exists, and the formula of Theorem 1.4 holds. 
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II. A LEBESGUE-STIELTJES INTEGRAL 
In this chapter we define a Lehesgue-Stieltjes integral 
in terms of the weighted refinement integral by using the 
formula in Theorem 1.5. As we will see from the definition, 
the integrator function is not even required to be quasi-
continuous. Then we show that a substitution formula holds 
for this Lebesgue-Stieltjes integral. 
Definition 2.1. Let f be a function of bounded 
variation on every closed interval. Let g be a function 
bounded on every closed interval. Let a be a real number. 
Suppose g(x') exists for every real number x > a, 
suppose , g(x~) exists for every real number x > a such 
that f(x ) ^ f(x), and suppose g(a ) exists. If b is 
a real number greater than a such that the weighted 
refinement integral 
(2.1) 
a 
exists, let 
( 2 . 2 )  (LS) [ f(x)dg(x) 
denote the real number 
11 
[F, (1,-1,1)] f f(x)dg(x) + f(a)[g(a) - g(a )] 
"a 
+ - 9(b)]. 
Let 
(LS) r f(x)dg(x) = f(a)[g(a'^) - g(a~)]. 
'[a,a] 
Note that in this definition since g(x ) is not 
assumed to exist for a real number x > a such that 
f(x ) = f(x), g may not be quasi-continuous on a closed 
interval [a,b] over which (2.2) exists. According to 
Theorem 1-5, (2.2) agrees with the usual Lebesgue-Stieltjes 
integral when g is of bounded variation on every closed 
interval. 
Theorem 2.1. Let f and h be functions of bounded 
variation on every closed interval. Let g be a function 
bounded on every closed interval. Let a be a real number. 
Suppose g(x^) exists for every real number x > a, suppose 
g(x ) exists for every real number x > a such that either 
f(x ) ^ f(x) or h(x ) 7^ h(x), and suppose g(a ) exists. 
Finally, suppose (2.2) exists for every real number b > a. 
Let 
12 
p(x) = (LS) f(u)dg(u), X > a 
(2.3) 
[a.x] 
= P(a), X < a. 
Then, for any real number b > a, the integral 
(2.4) (LS) I h(x)f(x)dg(x) 
"[a,b] 
exists iff the integral 
(2-5) 
exists, and in this case 
(LS) 
( 2 . 6 )  
h(x)f(x)dg(x) = (LS) [ h(x)dp(x) 
[a,b] '[a,b] 
+ h(a)f(a)[g(a^) - g(a )] 
Proof. (a) First, suppose b is a real number greater 
than a such that (2.4) exists. 
Let q be the function such that 
15 
.X 
q(x) = [F, (1,-1,1)] f(u)dg(u), x > a 
(2.7) 
= 0, X < a 
Let 
( 2 . 8 )  r(x) = p(x) - q(x) 
for all real numbers x. We note that 
r(x) = f(a)[g(a*) - g(a~)]. x < a 
= f(a)[g(a) - g(a )] + f(x)[g(x+) - g(x)]. X > a, 
By hypothesis, the weighted refinement integral 
(2.9) [F, (1,-1,1)] j . h(x)f(x)dg(x) 
exists. Then, by Theorem I.5 the weighted refinement 
integral 
(2.10) [F, (1,-1,1)] f h(x)dq(x) 
I k  
exists and equals (2.9)- It follows from Theorem 5-5 of [1] 
thatJ for every real number c > a, the weighted refinement 
integral 
c 
[F, CO,1,0)] I g(x)df(x) 
•^a 
exists and 
Q 
q(c) = f(c)g(c) - f(a)g(a) - [F, (0,1,0)] ! g(x)df(x). 
Thus, if c is a real number greater than a and if K is 
a positive real number such that lf(x)! < K and !g(x)! < K 
for all X in [a,c], then we have 
lq(x)l < 2K^ + K-V(f, [a,c]) 
for all X in [a,c]. Thus, q is bounded on every closed 
interval. Also, q(x^) exists for every real number x > a, 
and q(x ) exists for every real number x > a such that 
h(x ) h(x). q(a ) exists and is 0. Thus, by definition, 
the integral 
(LS) r h(x)dq(x) 
^[a,b] 
15 
exists. MoreoverJ 
(LS) f h(x)f (x)dg(x) = (LS) [ h.(x)dq(x) 
"[a,b] J[a,b] 
+ h{a)f(a) [g(a) - g(a~) ], 
The function r is hounded on every closed interval. 
r(x') exists and is f(a)[g(a) - g(a )] for every real 
number x > a, r(a ) exists and is f(a)[g(a') - g(a )], 
and r(x ) exists and is f(a)[g(a) - g(a )] for every 
real number x > a such that h(x ) h(x). Let h^ be 
a saltus function and h a continuous function such that 
c 
h = hg + h^. By Theorem 1.1 the weighted refinement 
integral 
[F, (0,1,0)] I r(x)dhg(x) 
a 
exists and equals 
f(a)[g(a) - g(a")][h^(b) -
Since r(x') exists for all points x of [a,b], the set 
of discontinuities of r on [a,b] is countable, and so 
l6 
the weighted refinement integral 
[F, (0,1,0)] r(x)dh (x) 
exists and equals 
f(a)[9(a) - 9(a ) ][h_(b) -h (a)], 
Thus, the weighted refinement integral 
[F, (0,1,0)] [ r(x)dh(x) 
exists and equals 
f(a)[g(a) - g(a ) ][h(b) - h(a)]. 
Now, the weighted refinement integral 
[F, (1,-1,1)] h(x)dr(x) 
"^a 
exists and equals 
17 
r.a 
h(b)r(b) - h(a)r(a) - [F, (0,1,0)] ; r(x)dh(x) 
"'a 
= -h(b)[r(b^) - r(b)] - h(a)[r(a) - r(a )] 
- h(a)f(a) [g(a"^) - g(a)] 
Therefore, the integral 
(LS) h(x)dr(x) 
J[a,b] 
exists and equals 
-h(a)f (a) [g/'a ' ) - g(a)]. 
Thus, (2.5) exists and- (2.6) holds. 
(b) Next, suppose b is a real number greater than 
a such that (2.5) exists. 
Let q be the function given by (2.7) and r the 
function given by (2.8). By hypothesis, the weighted 
refinement integral 
[F, (1,-1,1)] [ h(x)dp(x) 
-"a 
18 
exists. As shown previously^ the weighted refinement 
integral 
[F, (1,-1,1)] I*" h(x)dr(x) 
•^a 
exists. Thus, the weighted refinement integral 
[F, (1,-1,1)] I h(x)dq(x) 
exists. Hence, by Theorem 1.5 the weighted refinement 
integral 
[F, (1,-1,1)] ! h(x)f(x)dg(x) 
exists. Therefore, (2.4) exists. 
This completes our proof. 
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III. THE EXTENDED WEIGHTED INTEGRAL 
In this chapter we extend the weighted refinement 
integral and correspondingly the class of integrable 
functions in a manner analogous to that of [3]. To say 
that f is a step function we mean that if [a,b] is a 
closed interval, there is a partition {a = < x^ < ••• 
x^ = b] of [3jb] such that, for each integer i = 
1, 2,'"", n, f(x) is constant on the open interval 
Definition 3.1. Let g be a function of bounded 
variation on every closed interval. Let g* be the non-
decreasing function such that 
= -v(g, [x,0]), X < 0 
= 0 ,  X  =  0  
= v(g, [0,x]), X > 0. 
Let f be a function bounded on the closed interval [a,b] 
of the real axis. Let (w^,wg,w^) be an ordered triple of 
real numbers such that -f = 1. If either Wg 
or w^ is different from 0, suppose f(x^) exists for 
all points x of [a,b) such that g(x^^ ^ g(x); if 
20 
either or is different from 0, suppose f(x ) 
exists for all points x of (a,b] such that g(x ) ^ g(x). 
Suppose there is a sequence î^n^n=l step functions 
uniformly bounded on [a,b] such that the following 
statements hold; 
i) lim f (x) = f(x) for all x in [a,b] - Z 
n-» + 00 
where Z is a subset of [a,b] of outer g*-measure 0; 
ii) if either w^ or w^ is different from 0_, 
lim f (x') = f(x^). for all x in [a^b) such that 
n— + 03 n 
^ 9(x); 
iii) if either w^ or w^ is different from 0, 
lim f (x ) for all x in (a,b] such that 
n-» + CO n. 
g(x") ^  9(x). 
Then, we say that f is (w^^w^^w^) g-summable over [a,b]. 
It follows immediately from the definition that if 
f^ and fg are (w^,wg,w^) g-summable functions over 
[a,b] and a is a number, then af^, f^+f^, and f^^ " f^ 
are (w^^w^jW^) g-summable over [a,b]. Also note that 
any quasi-continuous function is (w^^w^^w^) g-summable 
over [a,b]. 
Theorem 3.1. Let f be a function that is (w^,wg,w^) 
g-summable over [a,b]. Let (^n^n-l ^ sequence of 
step functions uniformly bounded on [a,b] such that the 
three statements of Definition ^ .1 hold. Then the Lebesgue-
Stieltjes integral 
(LS) I f(x)dg(x) 
-[a,b] 
exists. Moreover, 
f n-» T 00 " "^a 
r-lim [F, (w^,wg,w^)] j f^(x)dg(x) 
exists and eauals 
(LS) f f(x)dg(x) 
'[a,b] 
+ [(1 [f(x+)-f(x)][g(x^)-g(x)] 
X s [a,b) 
(2 .1 )  
- ( 1 - ^ [f(x) - f(x )][g(x) -g(x )] 
X g(a,b] 
- f(b)[9(b^l-9Cb)] - f (a) [g(a) - g(a~) ]}. 
proof. By the Lebesgue Dominated Convergence Theorem, 
(LS) I f(x)dg(x) 
22 
exists, and 
lim (LS) f f (x)dg(x) = (LS) I f(x)dg(x) 
n-> + oo '[a,b] J[a,b] 
From Theorem 1.3^ we see that for each positive integer n 
[F, (w,,w ,w_)] [ f (x)dg(x) = (LS) j f (x)dg(x) 
^ "a J[a,b] 
-h [(1-w^) ^  [f^(x"^) - f^(x)][g(x'^) -g(x)] 
X s [a^b) 
X e (a,b] 
- fn(b)[9(b^l-9(b)] " L<3(^) - ) 1] • 
To see that the first sum behaves properly, let 6 > 0 
be given. Let M be a positive real number such that 
jf(x)l < M on [ajb] and such that lf^(x)l < M on [a^b] 
for every positive integer n. Let [y^^ a one-to-one 
sequence of points of [a^b) containing all points of this 
interval where g is not continuous from the right. Let 
p be a positive integer such that 
25 
+00 
ZZZ lg(yt)-s(yi)l <3^-
1=P+1 
If either or is different from Oj let N be 
a positive integer such that, for each integer i -
1, p for which g(yt) ^  g(y^)j 
^ 5[g*(b) -g*(a)] + 1 
and 
'^n^^i^ f(yi)l < 5[g*(t>) - g^(a) ] + 1 
for every positive integer n > N. If either or w^ 
is different from 0, we have for every integer n > N 
that 
X e [a,b) 
- [fCx"*") - f(x) ][g(x''") - g(x)] 
X e [a,b) 
P 
< ^  Ifn(yt) - f(yt)l Ig(yt) -g(y^)l 
i=l 
P 
i=l 
24 
4-CO 
+ 4M y~ 1 g(Yj) - g(yj_) 
i=p+l 
f f • f 
If either or is different from 0, the 
convergence of the sum containing left-hand limits follows 
similarly. QED 
The following definition extends the v/eighted refine­
ment integral to the linear space of g-
summable functions. 
Definition 3-2. Let f be a function which is 
) g-summable over [a,b]. Let 
a sequence of step functions uniformly bounded on [a,b] 
such that the three statements of Definition 3*1 hold. 
ThenJ we let 
[F^ (w^,wg,w_)]5 j f(x)dg(x) 
denote the limit 
lim [P,.(w^^,wg,w_)] 
n-* + 00 
j fn(x)d9(x)' 
S 
25 
It is obvious from Theorem ^.1 that this extended 
integral is independent of the particular sequence of step 
functions used and is equal to (J.l). 
Theorem "3.2. Let f be a function which is 
(w^jWgjW^) g-summable over [a_,b]. Then, the v/eighted 
refinement integral 
(3.:$) [F;, (w^,wg,w_)] j f(x)dgg(x) 
a 
exists and the Lebesgue-Stieltjes integral 
(3.4) (LS) j f(x)dg (x) 
existsJ where g^ and g^ are respectively a saltus 
function and a continuous function such that g = g^ + g^. 
MoreoverJ the extended integral (3.2) is equal to the sum 
of (3.3) and (3.4). 
Proof. The existence of the weighted refinement 
integral (3-3) follows from Theorem 1.1, and the existence 
of the Lebesgue-Stieltjes integral (3.4) follows from the 
Lebesgue Dominated Convergence Theorem. From Theorem 1.3 
we have that the Lebesgue-Stieltjes integral 
26 
(LS) I f(x)dg (x) 
J[a,b] 
exists and that '(3 «J) equals 
(LS) j f(x)dg (x) 
J[a,b] 
+ [(1-^1 ) > [f(x')-f(x)][g(x^)-9(x)] 
Z 
X e [2,b) 
- (1-w^) 5 [f(x)-f(x")][g(x)-g(x")] 
X e (a,h] 
- f(b) [g(V ) - g(^) ] - f(a) [g(a) - g(a~) ] }. 
Adding ($.4) to this we obtain formula (3.1)- QED 
The next theorem is the converse of Theorem ^.2 and is 
the main result on the -extended integral. 
Theorem 3-3 » Let f be a function bounded on the 
closed interval [a^b]. Let g be a function of bounded 
variation on every closed interval, and let g^ and g 
be respectively a saltus function and a continuous function 
such that g = g^ + g^. Suppose that the weighted refinemen 
27 
integral 
,b 
•(3-5) [F, (v/ w ,w_,)] j f(x)dg (x) 
"a 
and the Lebesgue-Stieitjes integral 
(3.4) (I^S) r f(x)dg (x) 
exist. Then, f is ) g-summable over [a,bl. 
Proof. In view of Theorems 1.2 and 1.3, the existence 
of the weighted refinement integral (3-3) implies that: 
i) if either or vy is different from 0, f(x^) 
exists for all x in [a^b) such that g(x') ^  g(x); 
ii) if either or Wg is different from 0, f(x ) 
exists for all x in (a^b] such that g(x ) p g(x); 
iii) the Lebesgue-Stieitjes integral 
(LS) [ f(x)dg (x) 
exists. Thus, the Lebesgue-Stieitjes integral 
(LS) j' f(x)dg(x) 
28 
exists. Therefore, there is a sequence {^n^n=i step 
functions uniformly bounded on [a^b] such that 
lim f (x) = f(x) for all x in [a,b] - Z, where Z is 
n-» + oa 
a subset of [a,b] of outer g*-measure 0. 
Suppose that either v;^ or is different from 0. 
We will now construct a new sequence of step functions 
uniformly bounded on [a^b] and having the first two 
properties of Definition 3.1. First, suppose [x^ 
a one-to-one sequence of points of [a^b) consisting of all 
points X of this interval such that g(x') g(x). For 
each positive integer n, let the points y.^, ' • ', ,x^ 
be ordered as ^ ^ 2,n ^ ^ -n,n' ^n 
a positive real number less than 
^l_,n-' ' ^n, n ^n-l^n-' ^ -n,n^ 
such that, if 1 < j < n, i f(x) - < n 
X in ( C- , C - -r 6 1. For each positive integer n, let 
f be the step function such that 
n 
 ^e (C-j,n' + 1 < 3 < n 
= f (x), X elsewhere. 
n^ 
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Now, we observe that if j is a positive integer, then 
f (x1) = ffxt) for all integers n > j, so lim f (xt) = 
^ ] - n- + co ^ ] 
f(xf). Next, we show that if x is a point of [a,b) - Z, 
then lim f (x) = f(x). Let 6 > 0 be given. Let n' 
n-» + £» ^ 
be a positive integer such that < 6 and such that 
If^(x) - f(x)l < 6 for all integers n > n'. Let n be 
a particular integer such that n > n'. If there is 
a positive integer j _< n such that x is in 
(i,n + Sn]' ^hen 
- f(x)l = - f(x)t < ^  < £. 
Otherwise, 
= I 
Thus, lim f (x) = f(x). Second, suppose {x.}is 
n-* + 00 
a one-to-one finite sequence of points of [a,b) consisting 
of all points x of this interval such that g(x^) g(x). 
We may proceed in a manner similar to the above to determine 
a sequence C^n^n-1 step functions uniformly bounded 
on [a,b] and having the first two properties of Definition 
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Suppose now that either or is different from 
0. Also, suppose that the sequence (^n^n-l such that 
lira f (x ) = f(x ) for all x in (a,b] such that 
n-» -i- CO 
g(x~) 7^ g(x) . This could be assured by proceeding in 
a manner analogous to that above for right-hand limits. 
Suppose that either or is different from 0. 
Consider the case where there is a one-to-one sequence 
{Xj consisting of all points x of [a^b) such that 
g(x') g(x). Let the sequence ^n—1 step functions 
be as above. We now show that if x is a point of (a^bj 
such that g(x ) ^  g(x)j then lim f^(x ) = f(x ). Let 
n-» + 00 
c > 0 be given. Let n be a positive integer such that 
-0r < g and such that If (x ) - f(x )1 <6 for all integers 
n ^ 
n > n. Let n be a particular integer such that n > n. 
If there is a positive integer j < n such that x is in 
( r. , C- -r 6 1, there is a point x satisfying 
^ •^j J n-^ J n n ^ j = 
r .  < X < X such that |f(x) - f(x )1 <"> and so 
J J n n 
"n^^ ) - ^(^ )1 < l Gjjn) ~ - f(^~) 
2 
< - < e. 
otherwise^ 
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) - f(-< )i = ) - f(% )1 < e. 
Thus J lim f (x ) = f(>; ). QED 
n—' 4~ 
Corollary p.l. Suppose g is a function of bounded 
variation on every closed interval, and suppose f is 
a function bounded on the closed interval [a,b] of the 
real axis. If the weighted refinement integral 
1) 
(^.5) [F, ^ f(x)d9(x) 
exists J then f is g-summable over [a^b]. 
Proof. The existence of (3-5) implies the existence 
of the weighted refinement integral 
[F, i f(x)dgg(x) 
and by way of Theorem l.p the existence of the Lebesgue-
Stieltjes integral 
(LS) i £(x)dg (x). 
where g . and g are a saltus'function and a continuous 
^s c 
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function, respectively, such that g = g^ ^ g^. The desired 
conclusion follows from Theoreni 3-3- QED 
The converse of Corollary 'j> .1 is not true as the 
following example shows. 
Example. Let g(x) = x for all real numbers x, 
and let f be the function such that 
f(x) = 0, X irrational 
= 1 ,  X  ra t i o n a l .  
The function f is discontinuous at every point of [0,1]. 
Hence by Theorem'1.2 the weighted refinement integral 
[F, (w^,w [ f(x)dg(x) 
- - > "0 
does not exist. Let fr. ] . be an enumeration of the 
rationals in [0,1]. Let be the sequence of step 
functions such that, for each positive integer n. 
X - r^, r^ 
'= 0, otherwise. 
It is clear that this sequence has all the properties in 
Definition $.1. Hence, f is g-summable over 
[0,1].' 
Actually, it is easy to construct such examples. We 
see from Theorem 5 0 that any function f bounded and 
Lebesgue integrable on [a,b] such that the Lebesgue 
measure of the set of points of discontinuity of f on 
[a,b] is greater than 0 will be ) %-summable 
over [a,b], but the v/eignted refinement integral of f 
with respect to x will not exist. 
It is interesting to note at this point that we can use 
Theorems 5-2 and 5-5 to show that the linear space of 
functions (w^,wg_,w_ ) g-summable over [a,b] is a Banach 
space. 
Theorem 5.4. With the supremum norm, the space of 
(w^,w^,w_) g-summable functions over a closed interval 
[a,b] of the real axis- is a Banach space. 
Proof. Let ff be a seauence of ("w. ,w ,w_ ) L n-'n=l - ^ 2 
g-summable functions over [a,b] that is Cauchy in the 
supremum norm, i.e., given € > 0 there exists a positive 
integer N such that for any integers n,m > N 
C ^ 
!"n " -m' = supr!f^(x) - f^(x) I : x € [a,b]} < €. 
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Thus J for each x in [a^b] the sequence 
real nunibers is a Cauchv sequence. Let f be a function 
such that f(x) = lim f (x) for all x in [a^b]. We 
n—' ~r CO 
note that this convergence is uniform since we are using 
the supremura norm. f is bounded on [a,b]. 
Suppose that either or is different from 0. 
Let X be a point of [a,b) such that g(x') ^  g(x). we 
have that lim f (x-rh.) exists and is finite for every 
h-, 0 ' " 
positive integer n_, and lim f^(x-rh) = f(x-rh) 
n—» "T CO 
uniformly in h on (0, b -x]. Thus, the iterated limits 
and 
lim lim , f (x-i-h) 
n—roo h-O ' ^ 
lim lim f (x-rh) 
h —» 0 n~» "T 33 
exist and are finite. Moreover, 
lim lim f (x-rh) = lim , lim f (x-fh) 
n-+ -r 03 h -* 0 ' ^ h-» O"^ n-» -f «= ^ 
= lim f(x-fh). 
h -»0 
Thus, f(x') exists, lim f (x*) exists, and these two are 
n-*-rco ^ 
eaual. 
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similarly, we can show that if w^ or w^ is 
different from 0 and x is a point of (a^b] such that 
g(x ) g(x), then f(x ) exists. Thus, by Theorem 1.1 
the weighted refinement integral 
[F, (w^,Wg,V7_)] f(x)dgg(x) 
exists. 
Since each f^ is (w^ ^wg,w^) g-summable over [a_,b]. 
we have from Theorem 5-2 that for each positive integer n 
the Lebesgue-Stieltjes integral 
(LS) ! f (x)dg (x) 
"[s.b] 
exists. Now. since the seouence ff is suoremum norm 
- '• n-'n=l 
Cauchy on [a^b], it is uniformly bounded there. By the 
Lebesgue Dominated Convergence Theorem, the Lebesgue-
Stieltj es integral 
(LS) f(x)ag (x) 
exists, and 
lim ( ijS ) j 
n- "[a,5] 
$6 
exists and eauals 
(LS) j f(x)dg (x). 
Then, Theorem 5-5 implies that f is ) 
g-summable over [a,#]. Q2D 
•Theorem 5-3 can also be used to prove a limit theorem 
for the extended integral that is analogous to the Lebesgue 
Dominated Convergence Theorem. 
Theorem 3-5• Let g be a function of bounded variation 
on every closed interval, and let f be a function bounded 
on the closed interval [a^b]. If either or is 
different from 0_, suppose f(x') exists for all x in 
[a^b) such that g(x'^) g(x); if either or is 
different from 0_, suppose f(x ) exists for all x in 
(a,bl such that g(x ) ^ g(x). Suppose there is a sequence 
I-n functions ) g-summable over [a^b] 
and uniformly bounded on [a^b] such that: 
i) lim f (x) = f(x) for all x in [a^b] - Z, 
n-*4- 03 ^ ~ 
where Z is a subset of [a^b] of outer g^-measure 0-. 
ii) if either ' or - vy is different from 0, 
lim f^(x') = f(x') for all x in [a,b) such that 
n-» 4- CO 
g(x^) r 9(x)} 
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iii) if either or is different from 0, 
lim f (x ) = f(x"") for all x in (a,b] such that 
n-# +00 • ^ 
g(x~) ^  g(x). 
Then, f is g-summable over [a,b], and 
lim [F, (w^,w^,w^)]s J f^(x)dg(x) 
= [Pj ]s J f(x)dg(x). 
Proof. By Theorem 1.1, the weighted refinement 
integral 
Jo 
[F, (w^,wg,w^) ] J f(x)dg^(x) 
exists. From the Lebesgue Dominated Convergence Theorem we 
see that the Lebesgue-Stieltjes integral 
(LS) r f(x)dg (x) 
•"[a.b] 
exists. Hence, it follows from Theorem 5 -3 that f is 
(w^jWgjW^) g-summable over [a,b]. 
For each positive integer n. 
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[F, (w w w„)]s i f (x)Gg(x) = (LS) f f (x)dg(x) 
^ ^ "2 ^ "[a,b] 
- fn(2c)][g(x^) - g(x) ] 
X e [a,b) 
-(1-^3) y [=%(%) - 1[g(x) - g(x~) 1 
X s (2,b] 
-f^(b)[g(b'^) -9(ï))] - f^(s) Lg(a) - g(a") ]}. 
Talcing the limit as n -» 4- œ we have^ as in the proof of 
Theorem $.1, that 
iim (LS) I f (x)dg(x) = (LS) | f(x)dg(x), 
n-.-r= "[a,b] '[a,b] 
that 
> [fp(>=~) - f (x) ICgCx"^) - g(x) ] 
X s [a,bj 
= y [f(x"^) - f(x) ][g(x~) - g(x) ] 
X e [a_,b) 
if either or is different from 0^ and likewise 
for the sum involving left-hand limits. Thus, 
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lim [F, (w,,x-j ,w^)]s : f (x)dg(x) 
n- + oo  ^ cL J «Ja 
= [F, ]s J f{i<)dg{y.). QED 
Next we give a substitution formula for the extended 
integral. 
Theorem 3.6. Let f he a function that is (w^ ) 
g-summable over [a^bl. Let p be the function such that 
p(x) =0^ : < 2 
(5.6) = [F^ (w^,w w )]s i f(u}dg(u)^ a <x <b 
- - ^ v^a 
= p(b)j • X > b. 
Let h be a function that is ) g-suiuiriable over 
fajb]. Then, p is of bounded variation on every closed 
interval, h is p-suirùnable over [a.b], and 
h-f is g-suirmable over [a_,bj. Moreover, 
(5.7) [F, (w^;wg,w_) ]s j h(x)dp(x) 
40 
= [F, (w^^w w^)1s I li(x)f(x)dg(x) 
"a 
-w^(l-w^)^ rh(x'^)-:a(x) ][f(x''")-f(x) ][g(x' )-g(x) 
xs[2,b) 
(l-w_ ) Y [h(x)-li(x") ][f(x)-f(x~)][g(x)-g(x~) 
xe(2/b] 
Proof. It has already been commented that h'f is 
(w^jWgjW^) g-summable over [a^b]. h is g-measurable on 
[a_,b]. ThuSj h is also p-measurable on [a^b]. For each 
X in [a,b), 
g(%) ]; p(x')-p(x) = [V7^f(x) -r (1 - wjf(x')][g(x-) -
for each x in (a,b], 
p(x)-p(x") = [(1-V7_)f(x~) -rw^f(x)][g(x) - g(x")]. 
If either or vy is different from 0_, then h(x") 
exists for each x in [a^b) such that p(x') ^  p(x); if 
either or is different from 0^ h(x )• exists foi 
each X in (a,b] such that p(x ) p p(x). It follows 
that' h is (w^jWgjW-) p-summable over [a,b]. 
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j_iet t be the saltus function such thai 
t(x) = 0_, ;<<a 
-x 
[F, )] : f(u)dg (x), a <x <b 
- - "a s 
= t(b)j X > b. 
Let 0 be the continuous function such that 
0 (x) = 0 ,  X < a 
(LS) ! •f(u)dg (x)^ a <x <b 
= 0(b), X > b. 
We observe that 
p(x) = t(x) -f 0(x) 
for all real numbers x. Now_, by Theorem 1.4 
42 
[F, (w^^w^^w^)] J h(x)dt(x) 
= [F, J h(x)dgg(x) 
s 
-w^(l-w^) [h(x"^)-h(x)][f(x"^)-f(x)][g(x'^)-g(x)] 
X G [a,b) 
-w_(l-w^)y [h(x)-h(x")][f(x)-f(x")][g(x)-g(x")]. 
x G (a,b] 
Also, 
(LS) I h(x)d0(x) = (LS) r h(x)f(x)dg (x). 
'[a,b] "[a,b] 
In view of Theorem 5-2, the formula (5«7) holds. QED 
The next theorem is a rather curious result on the 
extended integral relating the substitution formula to the 
case where the integrator is the product of two functions. 
Theorem 3.7. Let f be a function of bounded variation 
on every closed interval. Let h be a function that is 
(w^jWgjW^) g-summable over [a,b] and (w^_,wg,w^) 
f-summable over [a^b]. Let p be the function defined as 
in Theorem 5*6. Then, h is (w^,wg,w^ ) f "g-summable over 
[a,b], and 
(w^,wg,w^)]s J h(x)df(x)g(x) 
pb 
-[F, (w^,wg,w^)]s J h(x)f(x)dg(x) 
-[F, (w^_,Wg,w^)]s j h(x)g(x)df(x) 
. • a 
p 
{[F, (w^^wg,w^)]s J h(x)dp(x) 
,..b 
-[F, (w^,wg,w^)]s j h(x)f(x)dg(x)} 
-(1-w^f ^  h(x^) [f(x ' )-f(x)][g(x+)-g(x) ] 
xe[a,b} 
îi(x)[f(x')-f(x)][g(x'^)-g(x)] 
xs[a,b). 
+(l-w^)^^ h(x")[f(x)-f(x")][g(x)-g(x )] 
xe(a/iD] 
h(x) [f(x)-f(x")][g(x)-g(x")]. 
xe(a,bj 
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Proof. Let k be the function such that 
k(x) = f(x)-g(x) • 
for all real numbers x. It is clear that k is of bounded 
variation on every"closed interval. If either or 
is different from 0, and if x is a point of [a,b) such 
that k(x"^) ^  k(x), then either f(x') ^  f(x) or 
g(x^) ^  g(x), and thus h(x') exists. Similarly, we see 
that if or is different from G_, and if x is 
a point of (a,b] such that k(x~) ^  kfx), then h(x ) 
exists. 
Let f* be the non-decreasing function such that 
f*(x) = -V(f, [x,0]), X < 0 
= 0, X = 0 
= v( f ,  [0,x]), X > 0.  
Let k* be the non-decreasing function defined similarly 
for k. Let r be the non-decreasing function such that, 
for every real number x. 
r(x) = f*(x) + g5«-(x). 
45 
Both of the Lebesgue-Stielt]es integrals 
(LS) j h(x)df*(x) 
"[a,b] 
and 
(LS) I h(x)dg*(x) 
[a,%] 
exist. ThusJ the Lebesgue-Stieltjes integral 
(LS) i h(x)dr(x) 
'[a,b] 
exists. Let fh be a secuence of step functions 
*• n-'n=J-
uniformly bounded on [a^b] such that lim h (x) = h(x) 
n-» -r CO ^ 
for all X in [a,b] - Z where Z is a subset of [a^b] 
of outer r-measure 0. The set Z is then of outer 
f*-measure 0 and of outer g-^^-measure 0. Also, Z is of 
outer k*-measure 0. Thusj the Lebesgue Stieltjes integral 
(LS) 1 • h(x)dk(x) 
J[a,b] 
exists. In view of Theorem the function h is 
(w^/WgjW^) k-summable over [a,b]. 
46 
If either Wg or is different from 0, and if 
X is a point of [a,b) such that r(x') r(x)j then 
either f(x') ^  f(x) or g(x') g(x), and thus h(x') 
exists, If either or is different from 0, and 
if X is a point of (a,b] such that r(x ) ^ r(x), then 
either f(x ) ^ f(x) or g(x ) ^ g(x), and thus h(x ) 
exists. Then, let the sequence ^n—1 ^ave the following 
properties: 
i) if either or is different from 0, 
lim h (x') = h(x') for all x in [a,b) such that 
n-* -f CO 
y  r(x) i  
ii) if either or is different from 0, 
lim h (x~) = h(x~) for all x in (a,b] such that 
n-» -r 00 
r(x ) F r(x). 
If either Wp or w_ is different from 0, then 
lim h^(x'^) = h(x'^) for all x in [a^ii) such thai 
n-' -r CO 
f(x') ^  f(x), and lim h^(x') = h(x"^) for all x in 
n-* -f 03 
(a,b] such that g(x~) g(x). If either or is 
different from 0_, then lim h (x ) = h(x ) for all x in 
n— -f 00 
(a,b] such that f(x ) jL f(x), and lim h^(x ) = h(x ) 
n-» + 00 • * 
for all X 6 (a,b] such that g(x ) ^ g(x). 
Let 
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P = [a = Xg < = b} 
be a given partition of [a^b], and for each integer 
i = 2,-"-, m let Ç. be a point of the open subinterval 
(x^_^jx^) of [ajb]. For a positive integer n^ 
^ [^l^n (^i-l)'^2^n (^i) ^j) ] [ f (Kj) g (xj) -f (Xg (k] 
m 
- y ~  [ ^ l ^ n  ^ i - ] )  ^ i )  ^ ^ j )  ^ ]  [ 9 ï  
m 
= -w^ y" [h (^Xj) ->^-1 (>^i_i) ] [f (^ i)-f ( X i _ i )  ]  [ 9 ( ^ i )  - 9 ]  
i=l 
-Wg { y" j ] [9^j)-g(y ] 
i=l 
m 
• [f (Ci)-f (^i_i) ] [9(Ci)-9(Xi_i) ] 
i=l 
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m 
- [f (Ci) ] [9(Xj)-9(Cj) ] } 
i=l 
m 
-i-(wi-w_ ) y~ (Xj) [f (x^) -f (Xi_i) ] [g (X^) -g (x^_^) ]. 
"ï^ 
ThuSj for each positive integer n, 
[F^ (w^,wg,w_)] J h^(x)df(x)g(x) 
-[F, (w^,wg,w^)] J h^(:-c)f(x)dg(x) 
,b 
-[F, (w^,Wg^w_)] j h^(x)g(x)df(x) 
= -(w^-Wg) ' [h^_(x^)-h^(x)][f(x'^)-f(x)][g(x~)-g(x)] 
X e [2,bj 
[h^(x)-h^(x")][f(x)-f(x")][g(x)-g(x")]} 
X e (a,b] 
-Wg{^ h^(x)[f(x^)-f(x)][g(x^)-g(x)] 
X s [a,gj 
"5 h^(x)[f(x)-f(x~)][g(x)-g(x")]} 
X G (2,b] 
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) { y h^(x )[f(x^)-f(x)][g(x'^)-g(x)] 
X e [a,b) 
4-y ~h^(x) [f(x)-f(x")][g(x)-g(x )]} 
X e (a,b] 
(l-w_)[^ [h^(x~)-h^(x)][f(x')-f(x)][g(x')-g(x)] 
X e [a,b) 
-i-y [h^(x)-h^(x )][f(x)-f(x )][g(x)-g(x )]} 
xe(a_,b] 
(1-w^-w^) h^(x) [f(x"^)-f(x)][g(x'^)-g(x)] 
X s [a^b) 
y )][g(x)-g(x )]} 
X e (a^b] 
(w^-w_){y h^(x')[f(x')-f(x)][g(x')-g(x)] 
X e [a^b) 
4-^ h^(x) [f (x)-f (x") ] [g(x)-g(x~) ] } 
X e (a,b] 
[h^(x')-h^(x)][f(x')-f(x)][g(x' )-g(x)] 
X e [a,b) 
^ [h^(.x)-h^(x )][f(x)-f(x ) ]rg(x)-g(x ) ]} 
X e (a_,b] 
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-(1-w^)^^ li^^(x'^)[f(x'^)-f(x) ][g(x'^)-g(x) ] 
X s [a^b) 
•^1^./ [f(x'^)-:E(x)][g(x")-g(x) ] 
X e [a,b) 
+(l-w_)^ ^  h^(x")[f(x)-f(x") ][g(x)-g(x") ] 
x e (a,bj 
-w^^y \^(x)[f(x)-f(x~)]rg(x)-g(x")]. 
X s (s,b] 
Thusj we have for each positive integer n that 
,b 
[F, (w^^wg.w^)] j h^{x)df(x)g(x) 
-[F, (w^^wg.w,)] j h^(x)f(x)dg(x) 
b 
-[F^ ] j h^(x)g(x)df(x) 
= [[F., J h^(x)dp(x) 
r.b 
-[F, ] j h^{x)f(x)dg(x) } 
S 
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X e [a,b) 
^2 ^ h^(x) [f(x'^)-f(x)][g(x'^)-g(x)] 
X e [a/o) 
\(x~)[f(x)-f(x")][g(x)-g(x")] 
Xe (a^b] 
' ^ h (x)[f(x)-f(x )][g(x)-g(x )]. / -n 
X e (a^b] 
If either or w_ is different from 0, and if 
X is a point of [a_,b) such that k(x' ) k(x), then 
either f(x~) ^  f(x) or g(x') ^  g(x)^ and thus 
lim h (x~) = h(x'^). If either or is differen 
n-> -f CO 
from Oj and if x is a point of (a^b] such that 
>(x~) p k(x)J then either f(x ) ^ f(x) or g(x ) ^ g(x) 
and thus lim h^(x ) = h(x ). Hence, 
n-» -r CO 
rh 
lim [F, (w,,w w,)] ; h (x)df(x)g(x) 
n-* -r 00 ^a 
r.b 
= [F^ (w^,wg,w^)]s J h(x)df(x)g(x). 
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The function p is of Abounded variation on every closed 
interval. Let p* be the non-deereasing function such that 
p*(x) = -V(p, [x,0]), X < 0 
= 0^ X = 0 
= V(p, [0,x]), X > 0. 
The set Z is of outer p-^-measure 0. If either or 
is different from 0_, and if x is a point of [a^b) 
such that p(x"^) ^  p(x)^ then g(x~) ^  g(x)^ so h(x') 
existsj and lim h^(x') = h(x'). If either or 
n.-» -i- oo -
is different from 0_, and if x is a point of (a_,b] such 
that p(x~) p(x)_, then g(x~) ^  g(x), so h(x ) exists^ 
and lim h (x ) = h(x ). Thus, h is 
n- -r 0= ^ ^ ^ 
p-sizmmable over [a,b]. Moreover, 
lim [F, (w^,w w_)] I h (x)dp(x) 
n-*-roo ^ *^a 
,-b 
= [F, (w^.wg,w_)]s j h(x)dp(x) 
Let i be the function such that j6(x) = h(x)f(x) 
for 'all real x. For each positive integer n, let jg be 
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w. 
the function such that (x) = h^(x)f(x) for all real x. 
The function Z is bounded on [a,b]. If either Wg or 
y is different from Oy ^(x') exists for all x in 
[a^b) such that g(x') ^  g(x). If either or is 
different from 0, j&(x ) exists for all x in (a,b] 
such that g(x ) g(x). a sequence of functions 
uniformly bounded on [a^b] such that, for each positive 
integer n, Ji^ is g-summable over [a^b]. 
Moreover J we note that lim i (x) = ;&(x) for all x in 
n-> -r 00 
[a^b] - Z and that Z is a subset of [a,b] of outer 
g-^-measure 0. If either or is different from 0, 
lim i (x' ) = ^(x*) for all x in [a^b) such that 
n-» -r M 
g(x') ^  g(x). If either or is different from 0, 
lim ^ (x ) = j&(x ) for all x in (a_,b] such that 
n-* -r CO 
g(x ) ^ g(x). It now follows from Theorem 3-5 that Ji, is 
(w^ ^wg^w_) g-summable over [a^b] and that 
rb 
lim [F, (www,)] : ^ (x)dg(x) 
n-*-r 00 ^ "^a. 
= [F^ (w^^wg,w_)]s j ^(x)dg(x) 
Similarly, we can show that hg is (w^_,wg_,w^ ) 
f-summable over [a^b] and that 
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lim [F, (w w w )] j h (x)g(x)df(x) C. J J ll 
,b 
= [F, (W]^,Wg,w^)]s j h(x)g(x)df(x). 
The desired formula follows. QED 
Now we discuss another way to extend the Lebesgue-
Stieltjes integral. Let f be a function of bounded 
variation on every closed interval, and let g be a function. 
If g is of bounded variation on every closed interval^ 
then, for any closed interval [a,b]j both of the Lebesgue-
Stieltjes integrals 
(^.9) (LS) [ , f(x)dg(x) 
[a,b] 
and 
(^.10) (j^s) i g(x)df(x) 
[2,b] 
exist, and we have the integration-by-parts formula 
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(LS) [ f(x)dg(x) 
= f(b'^)g(b'^)-f(a )g(a )-(LS) [ g(x)df(x) 
(5.11) 
[f(2c'^)-f(x)]rg(x')-g(x)] 
X s [a^b] 
4-^ [f(x)-f(x") ][g(x)-g(x~)] 
X e [a^b] 
of S char f [4 ]. Let [2_,b] be a given closed interval of 
the real axis. Suppose that g is bounded on [a,b]^ 
that g(a ) and g(b') exist and are finite_, that g(x'^) 
exists for all x in [a,b) such that f(%') ^  f(x)^ and 
that g(x ) exists for all x in (a^b] such that 
f(x~) F f(x). If we suppose that the Lebesgue-Stieltjes 
integral ($.10) exists, we may use (3-11) to define (3-9) • 
HoweverJ note that we are then supposing that g is 
(Ij-ljl) f-summable over [a^b]. Substituting for the 
Lebesgue-Stieltjes integral (5.10) in equation (3-11), we 
have 
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(LS) f(x)dg(x) 
[2,b] 
= g(b'^)f(:b)-g(a )f(a) 
-[F, (l,-l,l)]s r g(x)df(x) 
[:c(x')-f(x)][g(x' )-g(x)] 
>- £ [2,bj 
-r^ [f(x)-f(x")][g(x)-g(x~)]. 
% G (2jb] 
Using .12) we may define the Lebesgue-Stieltjes intégra 
(5.9) terms of the extended weighted refinement integr 
Again suppose that f is a function of bounded 
variation on every closed interval and that g is 
a function. Suppose that g is bounded on the closed 
interval [a_,b], that g(a ) and g(b*) exist and are 
finite^ that g(x' ) exists for all x in [a^b) such 
that f(x' ) 5^ f(x)j and that g(x ) exists for all x i 
(a^b] such that f(x ) ^ f(x). Finally, suppose that th 
weighted refinement integral 
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Id 
D.13) [F, (1,-1,1)] [' f(x)dg(x) 
"a 
exists. Theiij according to Theorem 3.5 of [1]^ 
[F, (1,-1,1)] I 9(x)df(x) 
existsJ and 
[F, (1,-1,1)] i f(x)dg(x) 
"a 
= f(b)g(b)-f(a)g(a)-[F, (1,-1,1)] ; g(: 
"'a 
rf(x')-f(x)][g(x')-g(x}] 
X s [a^b) 
\ [f(x)-f(x )][g(x)-g(x~)], 
X £ (2,b] 
Thus, (3-12) becomes 
(LS) [ f(x)dg(x) 
"[a,!)] 
= [P, (1,-1,1)] i f(x)dg(x) 
"3 
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(l5) [g(V )-g(b) ]+f (a) [g(a)-g(a 
This is the same as the formula of Chapter I 
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IV. THE GROiSlWALL INEQUALITY 
The last thing to be considered in this thesis is the 
Gronwall inequality. It is important in studying uniqueness 
of solutions of differential equations, and according to 
Schmaedeke and Sell [5] it is important in studying the 
existence of solutions in some optimal control problems. 
We now give the main theorem of [$]. 
Theorem 4.1. Let f and g be functions of bounded-
variation on [O^T] and let 6 > 0. Suppose f and g 
are right continuous^ that f > 0, and g is increasing. 
< € -i- [F^ ] I f(s)dg(x), 0 < t < T, 
- a ^0 
then there exist constants T ' and depending on g but 
not fj such that 0 < T' _< T, K > 0, and 
f(t)<K€j 0 < t < T ' . 
After proving this theorem, Schmaedeke and Sell then 
state that if f satisfies an inequality of the form 
1 1 r-^ (4.1,) f(t) <£4-[F, ] I' f(s)k(s)dg(s), 0<t<T, 
"0 
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this can be reduced to the case of the main theorem by 
replacing (4.1) with 
Howevera look at Theorem 1.4- tells us that this is not 
necessarily true. As we shall show^ this last case may be 
proved in the same manner as the main theorem of [51 merely 
with the added assumptions that k is bounded and k > 0. 
The next result generalizes Theorem 4.1. Our proof is 
patterned after the proof of Theorem 4.1 as given in [5]-
But first we need a few definitions. 
Definition 4.1. Let T be a positive real number. 
Let g be a non-decreasing function, and let k be 
a function bounded on [O^T] such that k(t) 2: 0 for all 
t .in [OjT] and such that 
f(t) < €+ [F, 
where 
6l 
exists. Let £ be a non-negative real number. Let 
[ O j € )  b e  t h e  class of all functions f bounded 
on [0,T] such that f(t) > 0 . for all t in [O^T]^ 
such that 
T 
[F, ] r f(t)dg(t) 
exists, and such that 
f ( 0 )  <  €  
ft 
f(t) < €4- [F, (w^^w w_)] I f(s)k(s)dg(s), 0 <t <T. 
Definition 4.2. Let T be a positive real number. 
Let g be a non-decreasing function, and let k be a 
function bounded on [0,T] such that k(t) > 0 for all 
t in [0,T], such that A = l.u.b. k(t) is positive, and 
te[0,T] 
such that 
[F, (w_ ,w f k(t)dg(t) 
- J Jq 
exists. If there is a point t of the interval (0,T] 
such that Iw^1-A-[g(t) - g(t )] > 1, let T' be the smalles 
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such t; otherwise, let T' = T. If there is a point t 
of the interval (OjT') such that 
[ 5 ( t )  -  g ( t - ) j  >  ^  I w g ' i  +  l w j l ) - a  '  
let these Doints he listed as 
-1 < % < - " < 
let = 0_, and let -^^7 = ? ' ; otherwise^ let n = 0_, 
let T =0, and let T ,, = T ' . Let a he the non-
o n-rl 
negative real number less than 1 such that 
( I + IwJ I^ 4. - s(t-)]: te 
) J . J — 2j J n , !}• 
Suppose there is a non-negative real number p less than 
1 - a such that 
[g(t') - g(t)] < ( Iw^l -f IWg I 4- iw^i ) - A 
6^ 
for all points t of the interval [0,T'). Then, we say 
that (g,k) is an "admissible function pair" for the 
interval [0,T]. 
Theorem 4.2. Let T be a positive real number, and 
let (g_,k) be an admissible function pair for the interval 
[0,T]. Let A = l.u.b. lc(t). If there is a point t of 
ts[0,T] 
the interval (0,TJ such that lv7^1 •A*[g(t) - g(t )] > 1, 
let T' be the smallest such t} otherwise, let T' = T. 
Let E be a non-negative real number. Then, there is 
a non-negative real number K such that 
f(t) < K€, 0 < t < T' 
for all functions f in the class F( [0,T],g,k, €). 
Proof. (a) Let the partition 
{0 = T^ < T^ < Tg < < = T ' } 
of the interval [0,T'], the non-negative real number a, 
and the non-negative real number p be as in Definition 4- .2 . 
Let V be a positive real number less than 1 - (a-rp). 
For each integer j = 1, 2,***, n-f 1, let 
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Pj-1 = too < ^ ^2,: ^ ^ 'm.+l,: = ^j3 
be a partition of the closed interval [Tj_^jTj], such that. 
for each i = 1, 2, - ' ', + 1, 
lg(t") -5(f)l < (Iw^l -i- Iwgl + lwjl)-A 
for all t'y t" in the open interval (tt. .). 
(jd) Let t be a point of [OjT) such that 
[g(t") - g(t)] < (Iw^l + Iwj'l 4- lWjl)-A-
Suppose there is a non-negative real number K such that 
f(t) < K€j 0 < t < t 
for all functions f in the class F( [0,T]jg,]c, £). Let 
t be a point of (t_,T ] such that 
Cg(t) g(t)] < (iw^l + IwgI + Iw 1)-A * 
Let f any given function in F( [0,T],g,k, 6) • Let 
M = [g(t) - g(-0)],- and let p = [g(t) - g(t) ]. Let B(f) be 
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a non-negative real number such-that f(t) < B(f) for all 
points t of [t,t]. For simplicity, let |w| = 
Iw^l + Iwgl + Iw^l . For any t in [t,t], 
f(t) < 6 + [F, f(s)k(s)dg(s) 
[F, J_ f(s)k(s)dg(s) 
< € + CK€AM + B(f)Ap]-lwl 
= (1 -r'KAMlwl ) • € + B(f)Ap Iwl . 
Then J for any t in [t^t]. 
f(t) < (l+KAMlwl)-6 -F [(1+KAM1W1 ) • € 
+ B(f )Ap Iwi ]-Ap Iwl 
2  2 .  , 2  (1+KAM1W1 )-(l+Aplwl )-6 + B(f)A^p Iwl 
Next, for any t in [t, t ], 
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f(t) < (1+KAM!W1 )-(l+Aplw| ) •€ 
-t [(l+iÔ^lwl )•€ + B(f)Aplwl ]-A^p^lwl^ 
= (l-hicAMlwl )-(l+Aplwl -}-A^p^lwl^)-€ -r B(f)A^p^lwP 
Continuing by mathematical induction, we have for each 
positive integer j that 
f (t) < (1 4- KAMIWI ) • (1 -f Ap iwi -r A^p^ |w|^ + ••• -rA^p^lwP)-^ 
for all t in [t^t]. Since the non-negative real number 
Aplwl is less than 1, it follows that 
f(t) < (l+^|w|)'YZ^l^'€ 
for all t in [t,t]. 
ThusJ there is a non-negative real number K such tha 
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for all functions f in the class F( [0,T],g,lc, €) • 
(c) Let t be a point of [0,T) such that 
Suppose there is a non-negative real number K such that 
f(t) < K€, 0 < t < t 
for all functions f in the class F([OjT],gjk,g). Let 
t* be a point of (t_,T ] such that 
[g(t*-) - g(t)] < + iwj-, + |wjl)-A • 
From the proof in (b), it follows that there is a 
non-negative real number K* such that 
f(t) < 0 < t < t* 
for all functions f in the class F([O^T],gjkj €). 
(d) Let S" be a point of (O^T] such that 
'A' [g(E) -g(S'") ] < 1. 
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Suppose there is a non-negative real number such that 
f(t) < 0 < t < t 
for all functions f in the class F( [0,T],gjlCj 6) . 
Let f be any given function in F( [0,T],gjk, €) • For 
any t in 
rX-
f(t) < €4- [F, )] f(s)lc(s)dg(s) 
^ d. Jq . 
+ [F, J f(s)k(s)dg(s) 
< {1+KA1w1 [g(£') - g(0) ]}• € 
.e-
{[F, (w ,w w )] f(s)k(s)dg(s) 1. eL J Jq 
- [F, (w^^wg.w^)] J f(s)k(s)dg(s)}, 
Now let this t -* E. We obtain the inequality 
f(^) < [1+KAlwi [g(£') - g(0) ]}• 6 
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+ [w^f(E)]c(E3 + (1 -w^)f(e'")k(t ") ]• [g(£') - g(t ") ] 
< [1+KAIwI [g(£') - g(0) ]}• 6 
+ |l-w^liSl[g(E) -g(E")].e 
-r lw_lAf(t)[g(£') -g(e'")]. 
Therefore^ 
1+KA.lwl [g(r) - g(0)]4- ll-w, lKA[g(€') - g(£' )] 
f (E") < ^—2 
1 - lw^|A[g(E) - g(E'") ] 
j—,_f I 
Thus, there is a non-negative real number K such 
that 
f(t) < K ' 6, 0 < t < t" 
for all functions f in the class F( [0,T],g,jc, €). 
(e) Let j he a particular positive integer not 
exceeding n + 1. For each integer i = 1, 
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[g(ti^j)-gCti.i^3)3 
=  j '  " ^  • * •  j ) 3  
+ C9(4-i,j>-5(Vi,j'3 
g -r 6 + y 
— ( IW^L -R IWGL + IW^L )-A • 
Moreover^ 
Cs(V+i.3)-s('^„.,j)3 
J J J - J 
6 + Y 
— (Iw^l -f IWgl 4- lw^l)-A 
Consider the case where the integer n is positive-
We observe that f(0) < 6 for all f in the class 
F( [OjT],g,kj 6). We may then apply (h) successively to the 
intervals 
to obtain a non-negative real number such that 
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for ail functions f in the class F( [0,T],g,k, 6). Then^ 
we use (c) to obtain a non-negative real number K£ such 
that 
f(t) < K£6, 0 < t < 
for all functions f in the class F( [OjT],g,]c, s). Finally, 
we use (d) to obtain a non-negative real number such 
that 
• f(t) < K^€, 0 < t < 
for all functions f in the class F( [O^T], g^k, ê). 
We may repeat the process of the preceding paragraph 
to obtain a non-negative real number K such that 
f(t) < K6, 0 < t < T' 
for all functions f in the class F( [O^Tj^g^k, g). 
Theorem 4.2 remains valid if we replace the weighted ' 
refinement integral by our extended weighted refinement • 
integral. 
72 
V. BIBLIOGRAPHY 
1. Wright, F. M. and Baker, J. D. On integration-by-parts 
for weighted integrals. Amer. Math. Soc. Proc. 22: 
42-52. 1969. 
2. Baker, J. D. Generalized iterated limits and results on 
weighted integrals. Unpublished Ph.D. thesis. Ames, 
Iowa, Library, Iowa State University of Science and 
Technology. I969. 
3. Porcelli, P. Concerning integrals. Amer. Math. Soc. 
Proc. 5: 595-400. 1954. 
4. scharf, H. M. Ueber links-und rechtsseitig Stieltjes-
integrale und deren Anwendungen. Portugal. Math. 4: 
75-118. 1945-1945. 
5. Schmaedeke, W. W. and Sell, G. R. The Gronwall 
inequality for modified Stieltjes integrals. Amer. 
Math. Soc. Proc. 19: 1217-1222. I968. 
75 
VI. ACKNOWLEDGMENT 
The author gratefully aclcnowledges the help and 
guidance of his major professor" in selecting a topic and 
developing this dissertation. 
The author was supported by NASA grant NSG(T)55'3-
